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We consider the evolution of a 4D-universe embedded in a ve-dimensional (bulk) world
with a large extra dimension and a cosmological constant. The cosmology in 5D possesses
\wave-like" character in the sense that the metric coecients in the bulk are functions of the
extra coordinate and time in a way similar to a pulse or traveling wave propagating along the
fth dimension. This assumption is motivated by some recent work presenting the big-bang as
a higher dimensional shock wave. We show that this assumption, together with an equation of
state for the eective matter quantities in 4D, allows Einstein’s equations to be fully integrated.
We then recover the familiar FLRW universes, on the four-dimensional hypersurfaces orthogonal
to the extra dimension. Regarding the extra dimension we nd that it is growing in size if the
universe is speeding up its expansion. We also get an estimate for the relative change of the extra
dimension over time. This estimate could have important observational implications, notably
for the time variation of rest mass, electric charge and the gravitational \constant". Our results
extend previous ones in the literature.
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The possibility that our universe is embedded in a higher dimensional space has generated a great
deal of active interest. In Brane-World and Space-Time-Matter (STM) theories the usual constraint
on Kaluza-Klein models, namely the cylinder condition, is relaxed so the extra dimensions are
not restricted to be \small". Although these theories have dierent physical motivations for the
introduction of a large extra dimension, they share the same working scenario, lead to the same
dynamics in 4D, and face the same challenges [1]. Among them, to predict observationally testable
eects of the extra dimension.
The nontrivial dependence of the spacetime metric on the extra coordinate, allowed in both
brane-world and STM, endows solutions of the ve-dimensional equations with new intriguing
properties. The rst important question concerning solutions in 5D is to check whether they give
back standard four-dimensional results. Next, comes the study of the new physics and predictions
coming from the extra non-compact dimension.
A number of solutions are already known. However, of particular interest are those obtained
on simple assumptions that allow a complete and systematic integration of the ve-dimensional
Einstein’s equations. As an illustration, we mention the following three classes of cosmological
solutions.
(i) Solutions where the metric coecients admit separation of variables [2]. These have been
applied to the discussion of a wide variety of cosmological problems that range from singularities
to geodesic motion [3]-[9].
(ii) Solutions where g44 is static [10]. These have been discussed in the context of brane models
where our universe is a domain wall in a ve-dimensional anti-de Sitter spacetime [11]-[18], and in
STM for vanishing cosmological constant [20].
(iii) Solutions where g00 is independent of the extra coordinate. These have been used to study
the possibility of variable physical \constants" in the context of brane-world models [21] and, a
subclass of them, in the analysis of singularities in STM [22].
However, there is another simple class of models that allow straightforward integration of the
eld equations. We refer here to the case where the metric functions have a simple functional
dependence of time and the extra coordinate similar to that in traveling waves or pulses propagating
in the fth dimension. These \wave-like" cosmological models were originally investigated by Liu
and Wesson [23] and more recently by Wesson, Liu and Seahra [24] in the context of STM. They
considered the special class of solutions resulting from the following two conditions.
1. The eective matter quantities satisfy the isothermal equation of state p = γ.
2. The time metric coecient g00 and the expansion factor of the space-sections are related by
a power law.
Under these conditions, they showed that for both the matter-dominated (γ = 0) and radiation-
dominated (γ = 1=3) eras of the universe, the 4D spacetime dened by hypersurfaces of the 5D
metric are just the same as those of the standard Friedmann-Robertson-Walker models of general
relativity.
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This paper is motivated by the works of Liu and Wesson [23] and Wesson, Liu and Seahra [24].
We believe that wave-like cosmologies represent an elegant class of solutions. But, unfortunately,
they have not been investigated enough in the literature. Our aim in this paper is to remedy in
part this situation.
Firstly, we show that wave-like cosmologies can be fully integrated in 5D without introduc-
ing additional assumptions, except for an equation of state. In particular the second condition
mentioned above is not needed. Besides, for future applications in brane theory, we include a
non-vanishing ve-dimensional cosmological constant in the discussion.
Secondly, we show that on the four-dimensional hypersurfaces orthogonal to the extra dimension,
we recover the familiar FLRW universes, for an arbitrary value of γ (not only for γ = 0 or γ = 1=3),
regardless of the specic choice of parameters in the solution in 5D.
We also obtain some \new" physics regarding the extra dimension. Namely, we nd that
the \size" of the extra dimension (the metric coecient of the extra dimension) is related to the
expansion factor of the space-sections through the Hubble parameter. An interesting prediction of
the model is that, although the extra dimension is small today, it is growing in size if the universe is
speeding up its expansion. The opposite also holds, the size of the extra dimension is decreasing if
the universe is speeding down its expansion. Another signicant feature is that the relative \speed"
of change of the extra dimension is determined by the Hubble and deceleration parameters. This
last feature has important observational implications for theories in more than four dimensions
that predict the time-variation of some quantities usually considered as constants, among them the
gravitational \constant" G as well as the rest mass and charge of particles.
The paper is organized as follows. In Section 2 we present the \cosmological" equations in
5D. In Section 3 we obtain the equation that provides the cosmological evolution of the wave-like
model. In Section 4 we introduce the eective matter. This is a little more involved here than in
STM, due to the non-vanishing energy-momentum tensor in 5D. In Sections 5 and 6 we discuss
the solution in the 5D-bulk and the 4D-spacetime, respectively. Finally, in Section 7 we present a
summary and conclusions.
2 Field equations
In cosmological applications the metric is commonly taken in the form
dS2 = n2(t; y)dt2 − a2(t; y)
[
dr2
(1− kr2) + r
2(d2 + sin2 d2)
]
+ 2(t; y)dy2; (1)
where k = 0;+1;−1 and t; r;  and  are the usual coordinates for a spacetime with spherically
symmetric spatial sections. We adopt signature (+ − −−) for spacetime and the factor  can be
−1 or +1 depending on whether the extra dimension is spacelike or timelike, respectively.
The corresponding eld equations in 5D are
GAB = k2(5)
(5)TAB; (2)
where k2(5) is a constant introduced for dimensional considerations,
(5)TAB is the energy-momentum






































































































































Here a dot and a prime denote partial derivatives with respect to t and y, respectively.
Introducing the function [10]























Bearing in mind a net cosmological constant in 4D, in what follows we will assume that the
ve-dimensional energy-momentum tensor has the form
(5)TAB = (5)gAB ; (10)
where (5) is the cosmological constant in the bulk. We will see that, in this case the eective
energy-momentum tensor in 4D is conserved. We notice that (5) can be (i) positive as in the
usual de Sitter (dS5) solution, (ii) negative as in the brane-world scenarios where our spacetime is
identied with a singular hypersurface (or 3-brane) embedded in an AdS5 bulk, or (iii) zero as in
STM where the matter in 4D is interpreted as an eect of the geometry in 5D.
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3 The wave-like model
Now, following Liu and Wesson we assume that the metric coecients in (1) are \wave-like" func-
tions of the argument (t− y):
n = n(t− y); a = a(t− y);  = (t− y); (11)
where  is a constant. It is clear that these functions have the same values for coordinates t and
y that satisfy the relation t − y = const. Therefore we can say that the values of the metric
functions are propagated1 along the extra dimension y with \speed" −1 = dy=dt.
Now, from G04 = 0 we get
_a = n; (12)
where  is a constant of integration. Substituting this into (7) we obtain
F = a2
(
k + 22 + 22n2
)
 a2f2: (13)
















where  is a constant of integration. Consequently,




























Thus, the complete specication of the solution requires the consideration of some physics, or
a simplifying mathematical assumption, to determine _a (or n). Then, from (17) we nd n (or a).
Finally, the function  is given by (16).
It is not dicult to show that the solution, thus specied, depends only on two parameters;
namely  and . Indeed, let us consider the scale transformation y = y, where  is some constant.
It leads to  = = and  = =. If we choose  = , then we get rid of  in the set of equations
(12), (16) and (17), provided we retune the constant  as 2 (  = 2). Consequently, one can
always set  = 1, without loss of generality.
In what follows, however we will keep  arbitrary and  6= 0. The case  = 0, for which the
metric is independent of y, is examined in Section 7. The physical interpretation of  in terms of
the so-called black or Weyl radiation is discussed in Section 5.




The simplest way of completing the above system of equations is making some assumption on the
metric functions for example n = 1, or some more general relation n = n(a). The same can also be
done for .
However, we consider here a more physical approach. Namely, we are concerned about the
\eective" matter induced in 4D. We show that if we assume an equation of state, for the eective
quantities, then the problem becomes fully determined, i.e., we do not have to assume anything
else.
The interpretation of the ve-dimensional eld equations, in terms of four-dimensional quan-
tities, is provided by the fact that, for an arbitrary ve-dimensional metric, the 15 equations (2)
in 5D can be split up into three parts. Namely, a set of 10 equations which looks eectively as
the eld equations in 4D with an eective energy-momentum tensor. A set of 4 equations which
resembles Maxwell equations with sources, and an equation for the scalar eld  [25].
In absence of o-diagonal terms (g4 = 0) the dimensional reduction of the ve-dimensional
equations is particularly simple. The usual assumption is that our spacetime is orthogonal to the





; nA = (0; 0; 0; 0; ): (18)
Consequently, the physical metric coincides with the spacetime part of (1). Following the usual
procedure, we dene the energy-momentum tensor in four-dimensions (on the hypersurfaces y =
























 − (K )2
)
− E; (19)







; KA4 = 0; (20)




























k2(5)(5)g  g ; (22)
6
where we have used (10) and  = k2(5)(5)=2 is the eective cosmological constant in 4D. The rest
of the terms on the r.h.s. of (19) represent the eective mater, viz.,












 − (K )2
)
− E : (23)
In cosmological problems, the eective matter is commonly assumed to be a perfect fluid
T (eff) = (eff + peff )uu − peffg : (24)
It is clear that this interpretation is not unique. For example, we could assume that the eective
matter is the superposition of several fluids with distinct equations of state. What we are doing
here, since we want to recover known results, is a \modest" extension of four-dimensional general
relativity. Besides, only the eective (or total) quantities have observational consequences.
As a consequence of the contracted Bianchi identities in 4D, (4)G

; = 0, and (10), the eective
energy-momentum tensor satises the standard general relativity conservation equations, viz.,
rT (eff) = 0: (25)
If in the bulk there were scalar and/or other elds, then this would be no longer true, in general.
Since G01 = 0, it follows that u1 = 0. Hence the eective perfect fluid is \at rest" in the frame
given by (1). Thus, for the case under consideration, the appropriate equations are,




























It is important to emphasize here that the eective matter content of the spacetime will be the
same whether we interpret it as induced matter, as in STM, or as the \total" matter in a Z2
symmetric brane universe. This is a consequence of the identication of the tensor P of STM
with the energy-momentum tensor on the brane in brane theory [1], [25].
It is useful to introduce the \proper" time  , as
d = ndt: (27)
In terms of which the expressions for matter density and pressure become simpler. Namely,


























We now assume that the eective matter quantities satisfy the isothermal equation of state2, viz.,
peff = γeff ; 0  γ  1: (29)
2Negative values of γ are also allowed in the study of inflationary models of our universe, which require violation
of the \strong" energy condition, viz., (eff + peff ) < 0.
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+ (3γ + 1)
k
a2
= (γ + 1); (30)












where C is a constant of integration related to the eective matter in 4D. Thus, solving this
equation and using (27) we obtain the solution as a function of the argument (t− y).
5 The solution in the bulk
Thus, the problem of nding the wave-like cosmological metrics in 5D becomes totally specied by
the equation of state (29). Collecting results, the metric functions in the ve-dimensional metric

















































We note that the parameter  is related to the so-called Weyl or black radiation. Indeed, substi-
tuting (12) and (32) into (21) we obtain











3 . Thus setting  = 0 is equivalent to eliminating the
contribution coming from the free gravitational eld.
Some particular solutions to (33), namely those with  = 0, k = 0 and  = 0 where discussed
by Liu and Wesson. Although they make the additional assumption n = a−(3γ+1)=2, which as we
see here is unnecessary.
We note that the asymptotic behavior of the solution for a ! 0 is independent of k and .
In this limit, the positiveness of 2 requires C > 0. The particular case  = 0 requires the extra
dimension to be spacelike ( = −1). For  6= 0, it can be either spacelike or timelike. For γ = 1=3,
which corresponds to a radiation-dominated era, n2 > 0 demands (2 − C) > 0: Besides, from
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(33), with (γ = 1=3), it follows that both the matter and the Weyl radiation (i.e., C and )







For γ < 1=3, which includes dust (γ = 0), the Weyl contribution dominates over the matter and
_a2  (C=2)a−3(γ+1) with  > 0, as a ! 0. For γ > 1=3, which includes the sti equation of
state peff = eff , it is the opposite. Namely, in this limit the eective matter dominates over the
Weyl term and _a2  −C2=a(6γ+2). This becomes possible only if the extra dimension is spacelike3
( = −1):
At late times, the specic details of the solution in 5D for a >> 1 do depend on k, ,  and
the signature of the extra dimension.
6 The solution in 4D: FLRW universe
Since (33) depends on a number of parameters, it is clear that the general solution in 5D is very
rich and complex. What is amazing here is that the physical scenario in 4D is always the same
regardless of the specic choice of the 5D parameters ,  and signature of the extra dimension.
Namely,
dS2 = d20 − a20()
[
dr2
(1− kr2) + r
2(d2 + sin2 d2)
]
; (36)













Here the subscript 0 for  and a means that these functions are evaluated at some y = const. The







Since the solutions to these equations can be found in many textbooks, we are not going to discuss
them here.
In addition to the FLRW universes, we obtain some specic expressions for the extra dimension.









3If the extra dimension is timelike, then  must be positive and a is bounded from bellow. For example, for γ = 1,
a2 ≥ a2min ≈ C=2.
4In what follows we omit the subscript 0.
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where H = (a=a) and q = −(aa=a2 ) are the Hubble and \deceleration" 4D parameters, respec-
tively. According to modern observations, the universe is expanding with an acceleration, so that





 (3:5  1:4)  10−10yr−1; (42)
where we have taken h = 0:7 [26]. Also for the dimensionless ratio =a we have

a
= −1  h 10−10: (43)
We also note that the above relations hold for the three cases, k = −1; 0;+1 and arbitrary cosmo-
logical constant.
7 Summary and conclusions
In this work we have discussed cosmologies in ve-dimensional Kaluza-Klein theory where the
metric coecients have a wave-like behavior, in the sense that they depend on the single variable
(t − y). The non-vanishing parameter  is the one that permits the universe to have diverse












Then, from (28) it follows that




Thus for  = 0 there is only (Weyl) radiation, while for  6= 0 other equations of state are possible
as we have seen in (37) and (38).
We have shown that an equation of state, for the eective matter quantities, completely species
wavelike cosmologies in 5D. We note that the introduction of induced matter is not reduced to a
trivial isolation of the \extra" 5D-terms in the r.h.s. of the 5D-equations. If we had proceed in this
way, we would have obtained k2(4)(5) (or 2) in (26) instead of the correct term  = k
2
(4)(5)=2.
The specic form of the solution in 5D depends on the choice of the parameters (;C; k;(5))
and the signature of the extra dimension. In four dimensions (on the hypersurfaces y = const)
these cosmologies are just the same as those of the standard FLRW universes with k = 0;+1;−1.
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Our model also predicts the development of the extra dimension. Equations (38) and (40) show
how the dynamics of  is influenced by the eective matter. On the basis of our model we can
reach some conclusions.
(i) Although  is small today, it is growing in size if the universe is speeding up its expansion.
The opposite also holds, the size of  is decreasing is the universe is speeding down its expansion.
(ii) The relative change of  is determined by the Hubble and deceleration parameters as shown
in (41).
(iii) At any time during the evolution5 () = Ha.
These conclusions are general in the sense that they are the same regardless of the details of
the model in 4D, ie., the value of γ, k and .
The estimate given by (42), almost certainly cannot be independently tested. However, it could
have important observational implications. This is because the ratio ( _=) appears in dierent
contexts, notably in expressions concerning the variation of rest mass [27], electric charge [28] and
variation of the gravitational \constant" G [29],[30].
Indeed, in the Randall-Sundrum brane-world scenario and other non-compact Kaluza-Klein
theories, the motion of test particles is higher-dimensional in nature. In other words, all test
particles travel on ve-dimensional geodesics but observers, who are bounded to spacetime, have
access only to the 4D part of the trajectory. In general, the eective rest mass measured in 4D
changes as the test particle travels on 5D geodesics6. The total change consists of two parts, one of
them is induced by the non-trivial dependence of the metric on the extra coordinate (@g=@y 6= 0)
and the other part is due to _=. Even in the simplest situation, where the metric does not depend
on the extra coordinate, but only on time, m0 the eective rest mass in 4D of a massless particle










where we have used equation (25) in Ref. [27]. Similarly, the variation of  induces a change in
the electric charge, and consequently in the ne structure constant [28].
Regarding the time-variation of G, it is remarkable that in dierent models with extra dimen-
sions the ratio ( _G=G) is found to be proportional to ( _=) [21],[29]. At this point we have to
mention that the specic value of ( _=) depends on the cosmological model. For example, for the
cosmologies with separable metric coecients mentioned in the Introduction ( _=) = (1 + q)H,
instead of (41). Consequently, the measurement of quantities like ( _m0=m0) and ( _G=G) will give
the opportunity to test dierent models for compatibility with observational data.
For completeness we mention another important aspect of these cosmologies pointed out by Liu
and Wesson for the case with  = 0. It concerns the nature of the big-bang which occurs at a = 0.
In this limit the scale factor is given by (35), a  (t−y)1=3. If observers have dierent values of y,
they will experience the big-bang as having occurred at dierent times t. Thus they will measure
dierent values for the age of the universe.
5The parameter  can be taken as  = 1, without loss of generality.
6The general, invariant equations for the change of mass are given in [27].
11
Acknowledgments I would like to thank V.N. Melnikov, J.F. Nieves and Paul S. Wesson for
comments on the ratio _=.
References
[1] J. Ponce de Leon, Mod. Phys. Lett. A16, No. 35, 2291(2001), gr-qc/0111011.
[2] J. Ponce de Leon, Gen. Rel. Grav. 20, 539(1988).
[3] P.S. Wesson, Space-Time-Matter (World Scientic Publishing Co. Pte. Ltd. 1999).
[4] J.M. Overduin and P.S. Wesson, Phys. Reports 283, 303(1997).
[5] A.P. Billyard and W.N. Sajko, Gen.Rel.Grav. 33, 1929(2001), gr-qc/0105074.
[6] P.S. Wesson, J.Math.Phys. 43, 2423(2002), gr-qc/0105059.
[7] J. Ponce de Leon, Mod. Phys. Lett. A16, No. 21, 1405(2001), gr-qc/0106020.
[8] S.S. Seahra, P.S. Wesson, Class.Quant.Grav. 19, 1139(2002), gr-qc/0202010.
[9] P.S. Wesson and S.S. Seahra, Ap. J. L75, 557(2001).
[10] P. Binetruy, C. Deayet, U. Ellwanger, D. Langlois, Phys.Lett. B477, 285(2000), hep-
th/9910219.
[11] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690(1999), hp-th/9906064.
[12] S. Mukohyama, Phys.Lett. B473 241(2000), hep-th/9911165.
[13] D. N. Vollick, Class.Quant.Grav. 18 1(2001), hep-th/9911181.
[14] D. Ida, JHEP 0009 014(2000), gr-qc/9912002.
[15] P. Kraus, JHEP 9912 011(1999), hep-th/9910149.
[16] N. Kaloper, Phys.Rev D60 123506(1999), hep-th/9905210.
[17] C. Barcelo, M. Visser, Nucl.Phys. B584 415(2000), hep-th/0004022.
[18] P. Singh, N. Dadhich, hep-th/0204190(2002); hep-th/0208080 (2002).
[19] S. Mukohyama, T. Shiromizu and K. Maeda, Phys.Rev. D62 024028(2000), hep-th/9912287.
[20] Hongya Liu and P. S. Wesson, Astrophys.J. 562 1(2001), gr-qc/0107093.
[21] J. Ponce de Leon, Mod. Phys. Lett. A17 2425(2002), gr-qc/0207001.
[22] Takao Fukui, Sanjeev S. Seahra and P.S. Wesson, J.Math.Phys. 42, 5195(2001), gr-qc/0105112.
12
[23] H. Liu and P.S. Wesson, Int. J. Mod. Phys. D3, 627(1994).
[24] P.S. Wesson, H. Liu and S. S. Seahra, Astron.Astrophys. 358, 425(2000), gr-qc/0003012.
[25] J. Ponce de Leon, Int.J.Mod.Phys. D11, 1355(2002), gr-qc/0105120.
[26] K.A. Bronnikov, V.N. Melnikov and M. Novello, Gravitation and Cosmology Suppl. 2
18(2002), gr-qc/0208028.
[27] J. Ponce de Leon, Int.J.Mod.Phys. D In press, gr-qc/0209013.
[28] J. Ponce de Leon, \Mass and Charge in Brane-World and Non-Compact Kaluza-Klein Theories
in 5 Dim" gr-qc/0207108.
[29] V.N. Melnikov and V.D. Ivashchuk, \Problems of G and multidimensional models" Report-no:
IGC-PFUR-01/2002, gr-qc/0208021.
[30] V.N. Melnikov, \Gravity as a Key Problem of the Millennium". Proc. 2000 NASA/JPL Con-
ference on Fundamental Physics in Microgravity, CD-version, NASA Document D-21522, 4.1-
4.7(2001), (Solvang, CA, USA), gr-qc/0007067.
13
